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Abstract-A bounded polyhedron (or a polyhedral cone) can be given by either an intersection 
of linear inequalities, which is thus called intersection-form, or a convex combination (or nonnegative 
linear combination) of some given points, which is thus called sum-form. This paper first proposes 
a simple and effective method to transfer a bounded polyhedron or a polyhedral cone from the 
intersection-form to the sum-form. A new method is proposed to transfer a bounded polyhedron (or 
a polyhedral cone) from the sum-form to the intersection form. Both procedures can be completed in 
finite number of iterations. Numerical examples are given for illustration. @ 2001 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
In this research, we consider the problem of transferring a polyhedron between its intersection- 
form and its sum-form. A bounded polyhedron or a polyhedral cone P can be given by an 
intersection of linear inequalities, 
P={xIaixr6bi, i=.1,2 ,...) m, z>oo), 
where z = (x1,x2,. . . ,x,)~ E En, e = (l,l, . . . ,l)T E En, 6 = 1 or 0. This is called the 
intersection-form of P. When b = 1, P is a regular bounded polyhedron, and when b = 0, P is a 
polyhedral cone. Equivalently, P can be also given by a combination of finite number of points 
d1,d2 ,..., d”, 
k 
P= Cd”Xj bCXi=6, Xi>O, j=l,..., k . 
{ I 
k 
j=l j=l 
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It is called the sum-form. In particular, when 6 = 1, this is a convex combination of points 
d1,d2,..., dk , namely, 
k k 
P= cdjXj C=lXj, XjzO, j=l,...,k 
j=l j=l 
P is a bounded polyhedron. And when 6 = 0, it is a nonnegative linear combination of points 
d1,d2,... , d”, namely, 
k 
Cd’Xj Xj>O,j=l,...,n 
j=l 
P is a polyhedral cone. 
The problem of transferring a polyhedron between its intersection-form and its sum-form is a 
fundamental problem in mathematical programming research [1,2]. It is clear that this problem 
is closely related with the issue of identifying extreme points of the polyhedron. Abundant 
research on enumerating extreme points of a polyhedron and on the related issues can be seen 
in the literature (for example, [3-121). The method proposed in this research is also based on 
enumerating extreme points. But the method and technique are different than those traditional 
methods. In the following section, we describe a simple and effective method for transferring a 
bounded polyhedron and a polyhedral cone of its intersection-form into the sum-form in a finite 
number of iterations. Our method is to identify the extreme points of an initial polyhedron 
with one inequality. The initial polyhedron is then represented by a convex combination of 
these extreme points. All the inequalities are considered sequentially, one in each iteration. 
This procedure is independent from data structure or orders of inequalities. The computation 
in each iteration is easy and requires a small storage space. Section 3 considers the inverse 
problem, to construct the intersection-form of polyhedron from a finite number of points. The 
procedure starts by considering a special polyhedral cone in its intersection-form. It then applies 
the procedure described in Section 2 to transfer the cone into its sum-form. We show that 
the intersection-form of original polyhedron can be easily constructed from this new sum-form 
polyhedral cone. Numerical examples are provided for illustration. Two appendixes explain some 
details of computation. 
2. TRANSFER POLYHEDRON OF 
INTERSECTION-FORM TO THE SUM-FORM 
This section considers transferring a bounded polyhedron P of intersection-form, namely, an 
intersection of finite number of linear inequalities or equations, into the sum-form, namely, a 
convex combination of finite number of points. The results can be used to represent polyhedral 
cone of intersection-form by nonnegative combination of finite number of points. 
DEFINITION 1. (See (1,2].) Let 3 E P. If there are not x E P, y E P, x # y and p E (0,l) such 
that Z = px + (1 - p)y, then Z is called an extreme point of P. 
We consider a bounded polyhedron. Without loss of the generality, assume that a bounded 
polyhedron is given by (see Appendix A), 
P = {x 1 uix 2 bi, i = 1,. . , m, eTx = 1, 2 2 0) , 
wherex= (xi,x~,...,z~) T E En, e = (1, 1, . . . , l)T E E”. Denote 
P’ = {x 1 alx 2 bl, eTx = 1, x 2 0, x E E”}. 
Referring to Appendix B, we have 
P1 = {D’X 1 eTX = 1, X 10, X E Ekl}, 
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where e = (1, . . . , l)T E Ekl, and 
Dl = (d11,d12,. . . dlkqnxkl ,
andd’j, forj = l,..., kl, are extreme points of P’. For convenience of description, denote 
Al = p’ and ko = n. 
Consider 
P2 = (2 Iu1x 2 bl, a22 > b2, eTx = 1, 2 > 0, z E E”}. 
Then 
P2 = {x E P’ 1 a22 > b2} 
={D’X\a2D’X~b2, eTA=l, X20, XEE”}. 
(1) 
Denote 
h2={XIa2D’X>b2, eTX=l, X>O, AEE~I}. 
Note that the A2 has the same form as P’ given above. Applying Appendix B to A2, we have 
A2 = {D2X 1 eTX = 1, X 2 0, X E E”‘}, (2) 
D2 = (d21,d22,. . . ,d2kz)kIxk2, 
d2j, forj = l,..., k2, are extreme points of A2. Then combining (1) and (2), 
P2 = {DIX I X E A2} 
= {D’D~x I eTX = 1, x 2 0, x E Ek2}. 
In general, if 
P’ = {X ) aix 2 biy i = 1,. ..,l, eTx=l, ~20, xcEn} 
= D1D2..+D’XIeTX=1, ALO, XEE”~}, { 
Ds = (ds1,ds2,. . . ,dsk8)k,_Ixk, , s = l,...,l, 
d”j, forj = l,... , k,, are extreme points of AS, and 
A” = {Xl a,D’... DsmlX 2 b,, eTX = 1, X 10, X E E”*-I}. 
Let 
then 
P’+’ = {Z I tZi2 > bi, i = 1,. . . ,1, I + 1, eTx = 1, z 2 0, x E E"} , 
P’+’ = {x E Pz I q+lx 2 bl+l} 
= D1.. 
{ . D’X I Q+~D’. . . DIX 2 bl+l, eTX = 1, X > 0, X E E”‘}. 
(3) 
Denote 
A’+’ = {X 1 al+lD1 .-.D’X 2 bl+l, eTX = 1, X 2 0, X E EkL}. (4) 
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Again, applying Appendix B to Al+l, we have 
A[+l = {D’+‘x 1 eTX = 1, x 2 0, x E Ekl+l} , (5) 
where e = (1,. . . , l)T E Ekl+l, and 
~‘+l = ( &+l,l,d~+l,2,. . . ,dl+l,ki+l) kr xkl+l ’ 
dl+‘j, for j = 1,. . . , lcl+l, are extreme points of Al+‘. Then combining (3)-(5) 
pl+l = 
{ 
D’D2 a.. D’X 1 X E A’+l} 
Inductively, we have 
P = P" = (3: 1 a$ 2 ba, i = 1,. . . , m, eT2 = 1, 2 > 0) 
= D1D2.. 
{ . D”X I eTX = 1, X > 0, X E Ekvr~}, 
where 
e = (1,. . . , l)T E E”“., Ds = (ds1,ds2,. . . ,dsks)k,_lxk , s =l,...,m, x 
and d”j, forj = l,..., k,, are extreme points of A”. 
The following properties are clear. 
PROPERTY 1. For 1 5 s 5 t 5 m, the following is true: 
eT~S~S+l.. . Dt-‘Dt = ;T 
7 
where 
e= (l,...,l)T E Eke-l, G=(l)..., l)T~Ekr. 
PROPERTY 2. For any X E Ekl, eTX = 1, A > 0, and i = 1,. . . , I, we have 
a.D1D2.. . DIX > bi. z 
PROPERTY 3. 
Pl > P2 > . . . > Pm-l 3 Pm = P. 
From the method proposed above, it is easy to see that the following theorem is true. 
THEOREM 1. Let P be a bounded polyhedron; from the above induction, P can be represented 
by 
P= {D~D~...D~x( eTX = 1, X 2 0, X E EkrrL}. 
From Theorem 1, we know that each extreme point of P is contained in a column of matrix 
D1 . . . Dm. However, we can show (see Example 1) that the columns of matrix D1 . . . D1 may 
contain some nonextreme points of P’, 1 < 1 < m. We will therefore modify the algorithm by 
removing those nonextreme points. 
Method of Transferring Polyhedron 1331 
DEFINITION 2. Consider 3 E P. Denote 
i 
al 
. . . 
A= a, 
am+1 
\ 
. . 
am+n 
If there is a subset {il, 
following equations: 
al 
. . * 
am 
I(n) 
3 
(m+n)xn 
‘a 
. . . 
bm = 
0 
. . . 
0 I . (m+n) x 1 
I {1,2,. . . , m + n}, such that Z is an unique solution of the 
aikx = bi, 1 k=1,2 ,..., 1x-1, 
eTx = 1, 
then 2 is called an extreme point of P. 
It is clear that this definition of the extreme point is equivalent to Definition 1. An extreme 
point is sometimes called a zero-dimensional face of a polyhedron [13]. 
From Definition 2, a point x is a nonextreme point of P’ if x is on less than n of following 
hyperplanes 
six = bi, i=l,. 1 .., > 
e’x=l, 
xj = 0, j = l,...,n. 
Thus, the columns of matrix 0’0’ + * . D1 (2 5 1 < m) corresponding to nonextreme points can 
be removed by checking if this condition is satisfied (see the following example). We call it 
zero-dimensional face test. 
EXAMPLE 1. Consider a bounded polyhedron 
4x1 5 1, 
2x2 5 1, 
2x1+ 2x2 L 1, 
217x2 > 0, 
which is equivalent to (it is easy to see that 21 + 22 5 1) 
-4x1 2 -1, 
-2x2 2 -1, 
2x1+ 2x2 L 1, 
X1+22+X3=1, 
x1,x2,x3 2 0. 
In this case, we have al = (-4,0,0), a2 = (0, -2,O), as = (2,2,0), and (bl, b2, b3) = 
(-1, -l,l). Denote 
A1 = P1 = { (xlr x2, x3)T 1 -4x1 2 -1, Xl + ~2 + 23 = 1, ~1, ~2, ~3 > 0} . 
From Appendix B, since 
al - (bl, bl, bl) = (-3,1,1) 
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and ko = n = 3, then kl = 4, 
1 1 
4 ;i 0 0 
D1 = (&ppp4) .l = ; 0 10 0 3 4 0 1  
and 
Then 
P = {DlX 1 eTX = 1, x 2 0, x E E4) 
P2 = {(Zl,22,53)T I-421 2 -1, -2X:2 L -1, X1 + 22 + 23 = 1, X1,X2,X3 2 0} 
= (II9 1 x E n2}, 
where 
Since 
A2 = {X 1 a2D1X 2 eTX b2, = X 1, 2 0, X E E4}. 
a2D’ - P2, b2, b2, b2) = (-;,1,-1,l). 
kl = 4, and k2 = 6. From Appendix B, 
2 2 
3 3 0000 
1 
D2 = 3 
0;010 
oof;oo 
0;0;01 
Then 
Thus, 
A2 = {D2A 1 eTX = 1, X 20, XE E6}. 
p2 = {D~D~x 1eta = 1, x ~0, x E Ed}, 
where 
D1D2 = 
Note that d22 and d23 are not the extreme points, since they are only on two hyperplanes 
(XI+ x2 + x3 = 1 and -2x2 = -1). Thus, 
P2= {fi2X(X>0, izTX= 1, XE E"}, 
where 
i io;o 5 1 5 1 0 3 0 1
4 2 ;? , 
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Denote 
p3 = {x I -421 L -1, -222 L -1, 221+ 222 2 1, Ici +x2 +x3 = 1, xi, x2,x3 2 0) 
b2X a3b2X>b3, A>O, eTX= 1, XE 1 E4 > . 
Since a3fi2 - (b3, b3,b3, b3) = (l/2,0, -l/2, -I), with the similar computation above, we have 
P3 = fi2D3X 1 X E E4, X > 0, eTX = 1 
where 
&2 &3 
3 , d34) . 
d32 is not an extreme point of P3 since it is on only two hyperplanes (2x1 + 2x2 = 1 and 
xi + x2 + x3 = 1). But other columns are all the extreme points. Therefore, 
In the last, we point out that when P is a polyhedral cone of the intersection-form: 
P={xIaix20, i=l,..., m, ~>o}#{o}, 
denote 
P = {LC 1 uix 2 0, i=l,..., m, eT2=1, zr~Oo>. 
For a bounded polyhedron pi, if its sum-form is 
P = Xj > 0, j = l,.. . ,k, eTX = 1 , 
then it is clear that 
Xj>O, j=l,...,k 
That is, to transfer a polyhedral cone of the intersection-form into its sum-form is the same to 
the case of bounded polyhedron. 
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3. TRANSFER POLYHEDRON OF 
SUM-FORM TO ITS INTERSECTION-FORMS 
This section considers an inverse problem of that in the last section. For a polyhedron given 
by a convex combination, or a polyhedral cone given by a nonnegative linear combination of a 
finite set of points, we investigate how to identify its intersection-form. That is, we identify the 
representation of the bounded polyhedron or the polyhedral cone by a finite number of linear 
inequalities. 
For the convenience of description, we use the following unite-form of representation. For given 
points di E En, j = 1,. . . , k, assume that the polyhedron is given by 
Q = &djXj 
j=l 
where X = (Xl, AZ,. . . , Xk)T, e = (1, l,, . . , 1)” E Ek, and 6 = 1 or 0. When 6 = 1, Q is a bounded 
polyhedron, 
Q= 
1 
&d’Xj eAj=l, Xj>O, j=l,...,k 
j=l j=l 
When b = 0, Q is a polyhedral Lone, 
Denote 
Q = Xi 2 0, j = 1,. . .) k 
djTa: > da, j = 1,2,. . . , k c En+‘. 
It is clear that S is a polyhedral cone and is given in intersection-form. From Section 2, it can 
be transferred into its sum-form. That is, 
whereaTEEEn,6biEE1,i=1 ,..., m. In addition, it is easy to see that 
aidj 2 6bi, i=l,...,m, j=l,...,k. 
We have the following theorem. 
THEOREM 2. Given points dj E En, j = 1,. . . , k, and a polyhedron (6 = 1 or 0) 
Q= 2d’Xj Xi20, j=l ,...,k, 6eX.j =6 
j=l j=l 
Denote 
djTx 2 SCY, j = 1,2,. . . , k c En+‘. 
If the polyhedral cone S has its sum-form 
(6) 
(7) 
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and denote 
P={z~aiz~Sb~,,i=l)..., m}, 
then 
Q =,j? 
PROOF. We first show that Q C P. Assume that y” E Q. Then there exist X;, A;, . . . , ~;l. such 
that 
xg>o, j=l,..., k, c&x; = 6, 
j=l 
and 
j=l 
Thus, from (6)) Vi = 1, . . . , m, we have 
That is, y” E P. 
On the other hand, assume that P G Q is not true. That is, there exists a y” E P but y” $! Q. 
Since Q is a closed convex set (when S = 0, Q is a closed convex cone), by the separation theorem 
of convex set, 3~: E En, a0 # 0, and S/30 E El, such that If y E Q, we have 
aOy” < WO 5 JOY. 
Since dj E Q, for j = 1,. . . , k, then 
dj’a: = aodj > S&, j = l,...,k. 
Therefore, (ae, 6/30)~ E S. From (7), 3 ~4 2 0, for i = 1, . . . , m, such that 
That is, 
Now, 
m 
a0 = c 0 WJi, spa = b-&p. 
i=l i=l 
= ~(IZiy”)~~. 
i=l 
And note that y” E P, thus 
Therefore, 
aiy” 2 6bi, i = l,...,m. 
2 &bi)&’ 
i=l 
= spa. 
This is a contradiction. Thus, P C Q. The proof is completed. 
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In Theorem 1, we define a special polyhedral cone S from Q, and S is given in intersection- 
form. The theorem shows that when S is transferred into its sum-form, we can then obtain the 
polyhedron P of intersection-form, and P = Q. However, in the intersection-form of P, there 
are some redundant linear inequalities. The following theorem is used to reduce these extra 
inequalities. Let 
I = {i ( ~i # 0 and 3j (1 5 j 5 k), such that aid’ = 6bi, 1 2 i < m}. 
Then we have the following lemma. 
LEMMA 1. The following results are true. 
(i) When 6 = 1, then Vx E Q, we have 
six > bi, Vi#I, 
(ii) When6 = 0, thenVx = c& d’Xi, Xj 2 0, forj = 1, 
0), then we have 
six > bi7 VieI. 
PROOF. Let x E Q, then 3 Xj 2 0, j = 1,. . . , k, such that 
and 
k 
x= 
c 
d’Xi. 
j=l 
Now, V i @ I, we have (by the definition of I) 
j=l 
, k, ifx # 0 (or x = (xl,. . . ,&.) # 
Thus, 
aidi > 6bi, j = l,...,k. 
(i) if6=1,since~~=1Aj=1,Xj>0,forj=1,..., k,thenVi@I,wehave 
six = & (aid’) Xj 
j=l 
k 
> c b& 
j==l 
= bi; 
(ii) if 6 = 0, then Vx E Q, and x # 0, we have 
x = (A,, . . . , &)T # 0. 
Then we also have 
six = 6 (aidj) Xj > 0. 
j=l 
This completes the proof. 
Denote 
@ = {x 1 six > 6bi, i E I}. 
Then we have the following theorem. 
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THEOREM 3. The following results are true. 
(i) When 6 = 1, then Q = @. 
(ii) When 6 = 0 and’ 
rank{d1,d2 ,..., d’“} = n, 
then Q = p. 
PROOF. From Theorem 2, we have Q = P. Thus, we only need to show that P = p. It is 
obvious that P c P. Assume that 3y” E p, but y” 6 P. Denote 
f = {i ) aiy” < Sbi, 1 5 i 2 772). 
Since y” # P, then f # 0. 
Since y” E @, then for i E I, we must have 
Thus, we have 
Take 
ic {1,2 , . . . ) m} \I. 
k 
A” = (XT,. . . , XgT > 0, 62x; = 6, 
j=l 
then 
Since Q = P, then 
x0 = dh; E Q. 
j=I 
six’ 2 Sbiy i= l,...,m. 
From Lemma 1 (when 6 = 0, since X” # 0), 
six’ > 6bi, 
six’ 2 6bi, 
Note that (from (8)) 
f c {1,2,. 
we have 
“, 
For i E i, let 
six’ > c5bi, 
six’ 2 bbi, 
i $1, 
i E I. 
ml \I, 
i E 1, 
i #i. 
(8) 
(9) 
(10) 
Pi = 
aid’ - bbi 
aiX” - aiy” ’ 
It is clear that pi E (0, l), and when P E [O,&], we have 
ai(W’ + (1 - P)x”) 2 &, i E i. 
‘This condition is needed. For example, let & = ((1, l)TX1 1 X1 2 0}, 2 0, 22 2 0, 
21 - x2 2 0, -21 +x2 2 0}, I = {3,4) and P 
we have P = { (11, ~2) 1 ZI 
= 
((1, l)T} = 1 
{( z1,12) 1 ~1 - 12 2 0, -21 + 2 x2 0}, but P = Q # p. Here 
rank < 2. 
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And when i $! i, from the definition of f and (lo), we have 
Therefore, when p E [O,,&], we also have 
ai (Py” + (1 - P) xc”) 2 h, i #i. 
Take 
pi, = min pi. 
IEi 
Then, 
and 
oi &y” + (1 - Pi,) x”) L &, i = l,...m 
Since Q = P, then 
%, (&Y’ + (1 - Pi,) X0) = Sh,. (11) 
&Y” + (I- Pi,) x0 E Q- 
(i) When 6 = 1, f rom Lemma 1 (i), we have (note that is E 1, thus ie $ I from (8)), 
ai, &Y” + (1 - A,) x0) > ho. 
This contradicts with (11). Thus, fi c P. 
(ii) When 6 = 0, if we have 
P&Y” + (1 - Pi,) x0 # 0, 
from Lemma 1 (ii), we also have a contradiction of 
ai, (PioY' + (1 - Pi,) X0) > 0. 
Now, assume that 
P&y” + (1 - Pi,) 2’ = 0. 
When i E I, since y” E P, x0 E P and pi, E (0, l), then 
0 5 C&y0 = ai Pi0 - l ( 1 - Pi0 x0 I 0. 
Thus, Vi E I, we have 
six’ = 0. 
Therefore, Vi E I, there must be 
But (from (6)), 
Thus, Vi E I 
Since 
aidj 2 0, x; >o, j=l ,..., Ic. 
aid’ = 0, j = l,...,k. 
rank{d’,...,d”} =n, 
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Figure 1. 
then ai = 0, ‘Ji E I. This is a contradiction. Thus, 
k&Y" + (1 - A,) X0 # 0. 
Therefore, when 6 = 0, we also have P c P. This completes the proof. 
EXAMPLE 2. Consider a polyhedral cone in E2, as shown in Figure 1, 
Thus, 
2xl + 3X2 2 0, 4X1 f X2 2 0, 4X1 + 3x2 2 0 . 
Finding the sum-form of S is equivalent to finding the sum-form of the following bounded poly- 
hedron: 
9= I( x; :
X:’ 
1 4x; 2
42’,-4x:‘+x~-x;~0 
- 4x:’ 2 /i + 3x; - 2 3x; 0 2 0 
/ 
. 
Xi 
x;+x:‘+x~+x;=l 
x:,x~,x~,x; 
From Appendix B, since a = (2, -2,3, -3), we have 
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Since (4, -4,1, -1)Dl = (4,1,0,2, -2, l), we have 
D2 = 
10000~000 
2 
010000~00 
001000000 
0 0 0 1’0 0 0 l 0 
z 
2 1 1 1 
oooooj-Z~ 
I 2 oo;oo~ 1 3 D1D2 s lo = 
1 4 4 1 
0100$~55~ 
ooozl 0 0 l l 
5 z s 3 
From the “zero-dimensional” face test and Theorem 3 (ii), we remove the extra columns from 
D1 D2, and obtain 
Since (4, -4,3, -3)D2 = (4,3,6/5,8/5), then 
and D2D3 = D2. Thus, 
3 = { D2D3X 1 A 2 0, X E E3} = { b2A 1 X 2 0, A E E3}. 
Since x1 = xi - xy and x2 = XL - xi, then 
Xl 
= I( )I Xl 2 0, X2 10, 3X1 - 2X2 2 0, -X1 +4X2 2 0 . 
X2 > 
Since I = { 3,4}, from Theorem 3 (ii), then 
p= Xl K )I 321 -2X2 10, -21 +4X2 10 X2 
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It is clear that 
P=Q=k 
4. CONCLUSION 
In this paper, we first proposed a procedure for transferring a bounded polyhedron of inter- 
section-form to its sum-form. The procedure identifies all extreme points of a bounded polyhe- 
dron, P, given by an intersection of a finite number of linear inequalities. Since the procedure 
may also generate some nonextreme points, we modified the method by checking and removing 
those nonextreme points in each iteration. We also studied how the procedure can be applied to 
a polyhedral cone, by identifying all the extreme directions of the cone. 
On the other hand, for a bounded polyhedron or a polyhedral cone, Q, given by sum-form, we 
considered a special polyhedral cone, S, in its intersection-form in a higher-dimensional space. 
We applied the procedure to transfer this special polyhedral cone into its sum-form. From the 
sum-form of S, we constructed a polyhedron P in the intersection-form. We proved that P = Q. 
It is clear that the procedure can be completed in a finite number of iteration, and in each 
iteration, the computation is easy and requires only a small storage space. This is an effective 
method for transferring polyhedron between two different forms. 
APPENDIX A 
Let P = {x ( six 2 bi, i = 1,. . . , m, x 2 0) be a bounded polyhedron. Then there exists an 
M > 0, such that, P C {x 1 eTx I M}.2 Thus, 
P={xIaix>bi, i=l,..., m, z>Oo) 
= (5 1 U~X 2 bi, i = 1,. . . , m, eTx < M, x 2 0} . 
Let y = (yl,... , ynyn, yn+l), where yn+l 2 0 and yj = xj/M for j = 1,. . . ,n, hi = hi/M and 
& =(&I,.. .,Ui,,O)fori=l,..., m. Then P is equivalent to 
where e = (l,l, . 
For a given 
where a = (al,. 
i, = {y 1 i&y 2 ii, i = 1,. . . ,m, eTy = 1, y > O}, 
) 1)T E En+l. 
APPENDIX B 
P = {x 1 ax 2 a, eTx = 1, x > 0} , 
,a,) and x = (xl,. . . ,z~)~, consider the following equivalent set l? 
i 
Xl 
p= 
OC 
; 1 l... 1-9 
a1 u2 . . . a, 
)( i 
..* =; 
X?l 
() 
,x20, tro . 
z I 
*A4 can be derived from the linear programming 
M=max eTx 
Lt.. six 2 bi, i=l,...,m 
xi 2 0, j= l,...,n. 
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Note that (for 1 < Ic < 1 5 n) 
(ik g-l(;) = (_E&) 20, Q#% 
al - ak 
if and only if 
(ak - a) (al - 0) 5 0, al # ak. 
Then from the well known results in linear programming, it is clear that 
T 
0 0 =,o )...) 0, -(al, - a) ,...7 , ,o )‘..) 0,o 
> 
E En+’ 
al - ak 
is a basic feasible solution of $. Therefore, 
( 
-(ak - Q) 
T 
d= 0 ,..., O,=,O ,..., 0, ,O,...,O E E” 
al - ak al - ak 
is an extreme point of P. Furthermore, when (for 1 5 k 5 n) 
or ak - a 2 0, then 
(0,. . . ,o,l,o ,..., O,ak-a)T E En+’ 
is a basic feasible solution of p. Therefore 
d = ek = (0,. . . ,O, l,O,. . . ,O)T E En 
is an extreme point of P. 
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